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On the Ncn-Steady Motions of a
Rigid Body in an Ideal Fluidl

By G. W. Morgan

Introduction and Summary. If z rigid body moves in

vacuum under the action of a single external force which has a
constant directiocn but may vary in magnitude as well as change
sign and whose line of action passes through the center of mass
of the body, then the body will maintain a pure translatory
motion parallel to the direction of the force. If the body is
surrounded by a fluid which is assumed to be non-viscous and
incompressible, then such a motion will, in general, no longer
be possibles The following question arises: Is there 3 point
such that, if the line of action of a force having constant
direction passes through thi- point, the body will move in a
straight line parallel to the force without rotation? The in-
vestigation presented below gives the Tollowing answers to this
question.

a) There is no such point in the most general case,

t) If the shave of the body satisfies certain ccnditions,
then there exist three axes, each assoclated with the
tody and vith one of three directions relative to the
body, (the so-called directions of permanent transla-

tion)*, as well as vith the density of the fluid, such

1. The results in this paper were obtained in the coursec of
research conducted under Contract N7onr-35810 between the
Office of Naval Research and 3Brown University.

» Lamb, Hydrodynamics, Ch. VI,
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¢)

d)

that, if a force cf constant or varying magnitude acts
on the body with its line of action along one of the
axes and if there are no other external forces, the body
will move with pure translation parallel to the force
and the axis. The conditions which the body shape must
satisfy are tantamount to certain symmetry requirements.
In the case of plane motion (without circulation), i.e.,
if the body is an infinite cylinder with its genervrators
perpendicnlar to its direction of motion, there exists

a unique point (for a fixed fluid density p) such that

a bcdy, whose motion i1s due entirely to an external
force which acts in the direction of onc of the two axes
of permanent translation with its line ~f action passing
through the point, will move without rotation parallel
to the force., This point might be referred to as the
"apparent center of mass" of the body corresponding to
the given fluid.

For a body of revolution there also exists an apparent

center of mass,

Inasmuch as these considerations cnncern 2 problem in

classical hydrodynamics, one might expect to find them in the

standard literature on the subject, but, to his surprise, the

author was unable to do so,.

Our plan of prccedure is to set up the exrressions for

the kinetic energy of the body and the fluid and then to inves-

tigate the equations of motion of the body in terms cf the kine-

tic cnergiles,
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Kinetic Energy of the Body. Using vector notation,

the motion of a body can be described in terms of the transla-
tional velocity U of a fixed point O of the body and rotation
with angular velocity w about thaut point., Then the kinetic

energy of the body, Tg, 1s given hy:
Tg=jolU+wxr]le [U+rwxr]dr (1)

3
or

Tg=U* U fod¢+2g’Jogxgdt-!(gxg)° (w x r)dT
!
B B B (2)
where o = density of the body,

r displacement vector of a point with respect to O,

and the volume 1ntegration extends over the entire body 3.

Consider a system of rectangular Cartesian axes fixed
to the body with origin at O, Let the components of tranc-
lationul and angular velocity resolved along these axes be Uiz,
Upy U3y and wy, wy, w3y respectively. It 1s convenient to intro-
duce tensor notation and to write Ugy wyy X4 for U, w,
respectively,

Then, writing (2) 4in terms of tensors, we have
A

Tp = UiUi\J 0dT + 2Uj €4 4y

B
‘ (3)

O( €y jkWyXy €14y WeXn)dT

\

W=

l
!
;
B

where €4 1k 1s the alternating tensor, e transform the integrand
Jv

of the last integrali as follows:
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(8

€43k 1n*k*n"3 L 18 = Byndke)Xin¥yYy =

(b“'xkxk - xjxi)ijt ,

Let
°(bjtxkxk - xjx&)dx = IJ£
L
D
where IJL is the inertia tensor of the body. Then (3) can be
written N 4
|
- l '
TB = UiUi ( U; Ud't) + inj(eijk ! dxkd’t) +
B B
e A R B S W T
B
We note that this expression involves ten independent
constants: "
| odt = My, the mass of the btody,
B
N -
ox, dv = Mxy, k=1, 2,3
B

where X, are the coordinates of the center of mass, and finally
the six independent ccaponents of the symmetric inertia tensor
Iij.

At thisg pcint it is convenient to introduce a new

notation.

1= Y% Vs
(%)
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By Va we shall mean any of the six components V; to
Vg with a ranging from 1 to £+ We use Grewsk subscripts to dif-
ferentiate the present notation from tensor notation where the
subscripts i, }, etc. take on values 1, 2 or 3 only.

Also, supposing the summations implied in expression
(4) to be carried out and the U; and w; to be replaced by the
aprropriate V,, let MGB be the coefficient of the term in VaVB‘
The 36 quantities MaB then have the following values:

M M

11 = Myp = Mg

Mo = Myy = M

"
=
]
=
i
=
Ji
@)

M

"
o

W = My = Mg = M = My
15 = Mgy = = Moy = = My = Mg
Me = M1 . %)

Mog = Mo = = M35 = = Mgy = Mx,

M

]
|
=
(V%)
o
"
]
e
£
[(9'S)
!
t
&
no

Mo = I11s Mgg T Dot Mg = Iy

ﬁ+5 = 112; MS& = 121; hence M&S = MS@
M = 113; Mé)+ = 131; hence Mg = Mg,
Mg = Ip35 Moo = Ips hence Mg = Mo

Wde can now write expression (4) for the kinetic energy

in the compact form

6
Tg = 2. VaVpMgp (7)
ayd=l
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Kinetic Energy of the Fluid.
Since the motion of the fluld 1s assumed to be entirely

due to that of the solld, it is irrotational. 1Its veloncity poten-
tial @ is of the form

6
o= > V®q (8)
a=1l
where thc ¢, are functions of the coordinates x;, x,, x3 depend-

ing solely on th2 shape and position of the solid surface rela-
tive to the coordinate axes fixed in the body. They represent
the velccity potentials due to the motion of the body with unit
translational or rotational velocity with respect to the appro-

*
priate axes. The kinetlc energy of the fluid, TF, is given by
N

7 95 (9)

S
where p is the fluid density, é% denotes differentiation with
respect to the outwardly directed normal to the surface S, and
the integration exiends over the surfzce S of the body,

Substitution of (3) into (9) gives
i\

: e 5 a@
Te = p | (2 Y, 92 Vg 5=2) ds
J a 3
S A
99
= D> (Vg pl o —B 4s). (10)
a a a Uil
a,p
S
B integral i
Bach integra , 3
| 9, _ﬂan ds
J
S

* Lamb, loc. cit,
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is a constant determined exclusively by the shape and position

of the body surface S relative to the coordinate axes. Hence

setting f dp
RN Eﬁﬁ aS = Fyg, (11)
S
we can write (10) in the form
G
TF = .Z: VGVBFGBQ (12)
a,p=1
.2
Since v O = 0 for all a,\
/‘
99 _ 09 -
| og 58 45 = gy %2 as
S S
so that Faﬁ = FBG and hence eocuation (12) involves 21 indepen-

dent constants,

Equations of iotion of the Body.

The total kinetic enerzy T of fluid and body combined

is g

T =t TB + TF =Za‘ V,JVS(MGS + FGB). (13)

L]
.

The eGuations of motion of the body in terms of T are:

é% %%Z - V6 %%; + V5 %%3 = Xl

at %%3 " %%; "5y %%E I (14)
it %%; - V3 %%; * Y2 553 - Ve %%; * Vs %%g =y

é% %%; - V1 %%; + V3 g%; - Vu %%Z + V6 %%K = XS

= %%Z -V, %VI £V ggg - Ve g%z vy, %%; = X,
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where Xl’ X,y X, are the components of the external forces and

3
Xy XS’ X¢ are the components of the external moments with

respect to O that are applied to the body. (By external forces
and moments we mean forces and moments other than those due to

the fluid pressures.)

Rectilinear Motion.

We now choose a special orientation for our coordinate
axes, namely that of the three mutually perpendicular axes of
"permanent translation" of the body. These have the property
that if the body is set in motion parallel to one of them, with-
out rotation and in the absence of external forces, i% will
continue to move in this manner; i.e., for motion with constant
velocity in one of these directions the fluid exerts no force
or noment on the hody., We shall now proceed to examine the
external forces and moments necessary for accelerated motion of
the body in one of these directions.

It can be shown that if the directions of perizanent

translation are chosen as coordinate directions, the constants
Fis = F13 = F23 =Fy = F31 = F32 = 0. (15)

In the following we shall alwrys consider this choice to have

been made,

Motion with Velocity Vl(t).

Let us consider first the case when vy = Vl(t) and all
other V = O for all time. Then the eguations of motion (14)

together with the expression for the kinetic energy (13) give:
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2Vy Ayp = Xp
ity T A (16)
p A = Ky
2 —
2Vl Als - 2Vl A13 = XS
[ ] 2 _
2Vl Al6 + 2V1 A12 = X6
Hence from (6) and (19)
Y178 Ay X = Xy =0 . (17)
X, = V) A Xg = ) Ay X = 2V) A

Expressions (17) represent the system of forces X1s
X5y X3 whose line of action passes through O, and the system
of moments Xh’ X5’ X¢, about O, which must bhe applied to the body
so that it may move in the prescribed manner. Our object is to
ascertain 1f there exists a point O(l) such that, if the line
of action of the forces Xy, X,, X3 passes through it instead of
tnrough O, the external moments Xﬁl), Xgl), Xél) with respect
to o(1) will vanish.s If such a point exists, then, under the
sole action of the external force Xy aprlied through O(l), (we
may now conveniently call this force Xgl)), the body will always
move without rotation and in the direction of the x; axis,

To investigate this question we refer all quantities
to a new coordinate system whose origin is at a point O(l) and
whose axes are parallel to those of the original system,

et the velocities of the body referred t¢ this new

point be Vél); ann let dgl), dél), dgl) be the components of the

(1)

displacement of O from O,
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Then (1) (1) _ (1)
IAER I SR vs
(1) (1) (1) ' )
V, = V +V A A
1 6
1 (1) : ) . ) ) 2
_ (D) 1) (1) (1
v2 = VT, d3 v6 d;
L L) (1) (1) (1) (1)

If we substitute expressions (18) into the formula (13)

1) (1)
for the kinetic energy and collect coefficients of Vg ) & y
which we call Agé), we obtain
(1) _ (1) (1)
Ayt S, v By s,
(1) (1) (1)
= - A, 4d 1
A15 AlS + A13 d; 11 93 (19)
(1) _ (1) (1)
Ale” = Bap * A A7 - Agp 417

The remaining coefficients are not of interest at the
moment,

If we now rewrite the equations of motion with respect
to the Yél) and 0(1) ve ovtain equations identical with (17)
except that all quantities will now have superscripts (1). Hence

(1)

the external moments about O can vanish only if

(1) - g1y _ (1) _
Alu - Al5 - Al6 =Cs
Using (19), (19) and (6) this means we must havs:
A1) _

ke = Fgy, <0
F + M - (F + M..) d(l) =0 (20)

15 * s b R © T 2
Fip ot Mg 4 (Foo + M) aSl) = o

16 16 11 11 2 -
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Since F_, does not vanish in general, ecuations (20)

"
cannot generally ;e satisfied and hence there exists no point
with respect to which the moment of fluid pressures vanishes

for accelerated moticn in the direction of the xy axis. It is
clear that analogous conclusions will be reached for motion
along the two other axes.

We may note that this result could have been deduced
directly from the equations (17) referring to the original
systems The components of the external force which can contrib-
ute to the moment Xél) are Xj and X, but these vanish. Hence
we must have X = Xﬁl), i.e., the moment is the same for any
reference point and is therefore due toc a pure couples Thus a
change in the point of applicatioin cf thc external force can
nave no effect con Xj.

Returning to equations (20) we see that if Fq, happens
to vanish for a particular body, then all the equations (20)

can be satisfled by choosing 0(1) appropriately. Using (6) we

then have: .
L1 Fis * M
3 Fll + M
2 (21)
dél) __Fig - Mo .
Fll + M

Hence in this case we can find a point O(l), or rather

(1) is arbitrary), such that under the
(1)
1

il
an axis x§ ), (since d
sole action of a force X along this axis, the body will always
move parallel to this axis and without rctation. We might call

such an axis, an "axis of rectiiinear translation",
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The condition that Flu = 0 imposes a rectriction on
the body shape and so might be regarded as a symmetry regquirement.
I the original origin O is taken at the center of

mass of the body then the terus MEB and M§2 vanish in (21).

Motion with Velocity Vo(t).

If we return to our original system of axes with origin
at 0 and ccnsider the case when all Vg except V, vanish for all
time, we obtain the following equations of motion analogous to
(16).

2V, A

Vo Apy = Xp

2V, A = X
723 7 73 (22)
° ) _
elign ol shiialia diog el Ky
[ 2 _
2V, Apg = 2V Ay = Xg,
and hence from (6) and (19)
e = =G Xa = 2V4s Anng
1 ’ 2 2 1221
3 (23)

As before, ve transform to a new system with origin at
2 ,
0( ). The relations between the velocitles are identical with
(18) cacept thai we ncw have superscripts (2). The pertinent

(@)

quantities AaB become:
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(2) 2) (2)

An,” = Ay + App d§ - Ayy dp

(2) _ (2) (2)

Ays" = Ayg + Ay 4777 = Ayy dg (24)
(2) _ (2) (2)

Asg” = Ajg + Ay dp" = Axp 777

Again, the equations of motion vith respect to the
Véz) and 0(2) will be the same as those with respect to the
Vg and O (equations (23)), except that «ll aduantities will have
superscripts (2).

The external moments about 0(2) will vanish if

4(2) (2) (2)y _
Asl T Axg” = Axg” = 0y

which, by (&%), (19) and (6) becomes:

v (Fo. + M. af?) .

Fop = Moy 22 * My 93 ©

F25 =0 (29)
Y (2) _

F26 + 126 - (F22 + Mll) dl = 0.

As expected, these equations have no solution in the
general case since F25 i1s not generally =zero.

If F25 happens to be zero, the equations (25) are

satisfied if:

—

4$2) _ _ Fou - x4

3 P, o+ N
and (26)
L
1 [
F22 + M

(
lence there exists an axis xéz) analogous to the axis
x(1)

forund previously. We note, however, that the two axes will
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(2)
3

not, in general, intersect since dgl) A d except under specilal
circumstances.

Since an analogous result will be obtained for motion
with velocity V3 we can sui up our results as follows:

(1) In general, rectilineer translational motion under the
scle action of one external force is not possible,

(i1) If the body shape satisfies a certain symmetry condi-
tinrn (e.g., Fj, = 0 when referred to coordinate axes parallel to
the axes of permanent translation), then there exists an axis of
rectilinear translation for motion with velocity V,. Similarly,
if F25 = 0 or F36 = 0, there exlst axes of rectilinear transla-

tion for motion with velocity V5 or V,, respectively.

3

(111) 1In general no two of these axes, if more than one

exists, will intersect.

Plane Motion Without Circulation.

If the body is an infinite cylinder with its generators

parallel to the x3 axis which moves with velocity components Vl,

w
.

o —en Ty | r, thens Eho fadd matizs wtil take place in planes

parallel to the xy, X, plane anrd the two axes of permanent trans-
lation will 1lie in this plane. As before we choose our coordinate
system irn the direction of these axes. For such rlane motion all

coefficients A in the exsression (13) for the kinetic energy

af

having one or both subscripts equal to 3, 4 or 9, vanish,
Considering motion with velocity V; only, we obtain

equations (17) with Ay, = AIS = 0 and hence X, = Xg = O. The
(1)

transformation to a new coordinate system with crigin O vields

one equation for dél) which will make Agé) = 0. It is the same
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as the second of equations (21). This determines one axis of
rectilinear translation.

Similar arguments hold for motion with velocity V,(t)
and they lead to the second of equations (26) for dgz) which will
make Agg) = O This determines the second axis of rectilinear
moticne

Since both axes lie in the plane of motion, they inter-

—(a) —-(a)

sect at a point P, say, with coordinates Xy and Xy e If the

origin of our first coordinate system is taken at the center of

mass of the body, then x( a) and x(a) are given by the equations
for dél) and di‘), respectively, with 21 = 22 =0
Sl e
“ Fgp + M (27)
_(a)  Fie

e

F11+M

We might call this point the "apparent center of mass cf the

body", keeping in mind, however, that its position also depends

on the density of the fluid which appears in the constants F&B.
It 1s interesting to consgider pure rotation about this

point with velority V6(t). The equations of meticn are found

to be:

-2(8) § © o (a) _ _(a)

215" Vg = Vg Aygt = Xy
(a) ¢ (a) _ w(3)

2hr" Vg * 2V6 16 = X2

(28)
==X =0

2Aé2) Ve = xéa’,
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where the superscript (a) means that we are referring all guanti-
ties to a coordinate system whose axes are the axes of recti-

linear motion and whose origin is therefore at ;ga)’ ;ga). Since

A(a) - A(a) - 0 the only external force cor moment cn the body is
16 26 ') (a)

-~ — a
a moment about the origin. Thus the point x:%’', x also acts

1
as an apparent center of mass in the case of pure rotation about

this point,

It is important to note that the motions and corres-
ponding forces and moments considered above cannot be simply
superimposed,s A translation of the apparent center of mass, for
example, with velocity components V1 and V2 but without rotation,
cannot occur withcut the action of an external moment about the
apparent center of masss This is due to the non-linearity of
the problems The analogy between the apparent center of mass

for motion of a body in a fluid and the center of mass is re-

the body parallel to the axes of permanent {or rectilinear)

translation, a2nd rotation about the apparent center of mass,

Body of Revolutinn.

The axis of revolution is a direction of permanent
translation. Let it be the Xy axiss for .otion in the xq direc-
tion w2 consider the equations (20). For a body of revolution
1’*‘1,+ nust always be zero because changing the sign of Vh in the
expression for the kinctic cnergy must leave .he latter unchenged,

Similarly FIS = Fy = 05 also M5 = Mx3 =0 and Mg = « Mxy; =0

since the center of mass lies on the axis of revolutionj hence
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(1) _ .(1) _
dq = 02 = 0%

-

rotation is an axis of rectilinear translativne.

This gives the obvious rcsult that the axis of

From syrinetry considerations it is clear that the
choice ol directions for the axes x, and X3 is immaterial, For
motion w'th velocity V,, say, we must consider equations (25).
Applying symmetry considerations to the expressicn for T, as was

done above, we find that F,, = F25 = O Hencse

(2) (2)
A = M + (F + M,,) 4 = 0
L 22 11
oL 2 3 (29)
(2) (2) _
But
My, = = 1&3 = O
(2) _ .
Thus d3 = 0, and there rcmains
F., + Mx
/ ~
al®) . 26 1 (30)
F + M

22
which defines an ¢xis of rectilinear traanslation.

For motion with velocity V3 we obtain in the same

manner dg3) = 0 and

) F - Mx
gl e s L (31)
r33 + M
From the symmetry of the body it is seen that F22 = F33
(2
and F26 S - F35. Herice di ) = d§3) as wus to be expected from

our assertion that the choice of the dlirections xp and X3 was
immaterial,
Thus, 2s 1in the case of plane motinn, there exists a

center of apparent macs, but here there are infinttely many axes



Blil-12 18

of rectilinear motion: the axis of revolution and any axis per-
nendicular to the latter and passing through the apparent center
of maczs,

Let us consider a motion of pure rotation aboul an axis
of rectilinear motion. Clearly, for motion with Vi (t), i.e.,

rotation about the axis of revolution, the conly force or moment is

(a) (a) ¢
Xg = My Vi

For motion with velocity V6, say, about the appropriate axis of

rectilinear motion we have:

2A§Z) ;16 - 2v2 Aéz) = xia)
2083 v+ avg alR = x{®)
2A§Z) {’6 - xga)
oD Ty - o0f 1l = P o
2A§2) Vg o+ zvg Aég) = x(sa)
2Aé2) {’6 = xéa).
But AEZ) = Aég) = 0 and Agz), Aég), Aég) vanish from symmetry

considerations, Hence all forces and moments with the exception
of Xéa) vanish. Thus the concept of the apparent center of mass
for a body of revolution is also valld for pure rotation above

an axis of rectilinear motion.
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As in the plane case, however, simple superposition of
the special motions and forces ciscussed is not permissible.

It should be notec that, even 1f all assumptions made
in this analysis are sufficiently wel? Jjustified, some of the
special motions discussed cannct be expected to be observed in
nature because they are unstable when subjected to small dis-

turbancesa.
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